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Discrete Fourier Transform

* Is the problem of computing a matrix vector
product where:
— The vector is given by the user

— The matrix is predefined and has special
properties

« Has many applications in engineering and
science (e.g., digital signal processing).




Fast Fourier Transform

« From the many applications of FFT, we will introduce
it through the problem of multiplying two polynomials.

* For example, consider:
— Q(X) = by + byXy + ... + by 4X,

* Our goal is to compute R(x), where R(x) = P(x) !
Q(x).
— Note R(x) will be a polynomial of degree m + n - 2.

Simple algorithm

« Suppose we multiply every coefficient of
P(x) [m - 1 total] with every coefficient of
Q(x) [n - 1 total].

« We then follow this by grouping the
terms based on powers of x.

 This algorithm will take O(mn) time.




Improvements

* Ideally, we would like to compute this product
in time faster than O(mn) if possible.

« This may not be possible, however, given our
current algorithm.

» Therefore, lets develop another algorithm
based on the way we can represent
polynomials.

An alternative

« To obtain an alternative, suppose we know
the value of P(x) at a specific value of x.

» Substituting this value into the original
equation returns an equation connecting the
m coefficients.

* Further, lets suppose that we know the value
of P(x) at m specific values.




Value-based representation

« Knowing m distinct values of P(x) allows
us to obtain m equations.

* These equations can be solved to
obtain the m coefficients.

» As a result we can represent P(x) using
these distinct values.

Advantages

* Given value-based representations, it is very
easy to multiply polynomials.

* To determine R(x), we will need m + n -1
distinct values of R(x).

» Therefore, lets multiply m + n -1 distinct
values of P(x) and Q(x) and store the result.
— Can be done in O(m + n) time




Disadvantages

 If we wanted to evaluate a polynomial for an
unknown value of x, it is not possible in a
value-based scheme.

* In contrast, any coefficient represented
polynomial can be evaluated in linear time for
any value of x.

 Further, the number of values needed for
multiplication depends on the specific
multiplication being performed.

Some observations

* Note that coefficient-based representations
seem better suited for evaluation and value-
based for multiplication.

* We can not, however, assume a
representation at will because an application
may involve both.

* Therefore, we will discuss an efficient
compromise.




Strategy

« Evaluate P(x) and Q(x)atm + n - 1
values of x.

* Find the value of R(x) at the same m +
n - 1 values of x.

 Find the coefficients of R(x) from the
values at the m + n - 1 distinct points.

Run time (step 1)

» A given polynomial can be evaluated in O(m)
time using Horner’s rule.
—2x3-6x2+2x-1=x(x(2x-6) +2) -1

* |t follows that evaluating P(x) and Q(x) will
require O(m + n) time

» Therefore, computing m + n - 1 values will
require O((m + n)2) time




Run time (step 2)

« Computing values of R(x) requires O(m + n)
time.

+ Given m + n - 1 values of R(x), we would like
to find the coefficients of R(x).

» This can be achieved by solving a system of
m + n - 1 linear equations in m + n -1
unknowns.

— This requires O((m + n)3) time, which dominates.

Conclusion

* We have just developed an algorithm that
requires much more time.
— O((m + n)3) vs. O(mn)

* Note that we have a lot of flexibility in how we
choose the m + n - 1 values.
— They only need to be distinct.

» For this reason we may be able to reduce the
total runtime by cleverly picking such values.




Generalization

» Lets consider the problem of evaluating a
polynomial of degree n - 1.

» Because we can always add 0 coefficients, a
general solution to smaller degree polynomial
is also possible in O(n) time.

* For convenience, lets also assume that nis a
power of 2.

The trick

* Suppose we evaluate P(x) atx =". We can
reuse much of this to also compute x = -".

P(x) :ia,. X

* Note half of the values are the same for even
powers of x.




We can write

Advantages

« To maximize the savings of this approach, we
should choose n/2 pairs such that they are
positive and negative.

* If so, we will get the n/2 additional values for
free.

 Further, we ideally would like to recursively
compute the two n/2-coefficent polynomials
P.(x) and P(x) (if possible).




Extending this idea further

» Suppose it is possible to compute the
two n/2 polynomials using four n/4
polynomials.

» Doing so yields the following runtime:
— T(n) = 2T(n/2) + O(n) = O(n log n)

Applying this recursively

* To apply this recursively, we would need
X2ns = -X? for every 0 < j < n/4

* This is not possible for real numbers as a real
number squared is always non-negative.

« Even so, we may find complex numbers that
satisfy this property and there are no
limitations on evaluating the polynomial at
complex numbers.
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Strategy

* For a recursive application, we require:

lllustration

« Suppose we represent a polynomial of
degree 7 (and 8 coefficients) as:
—ag + ax + a’x? +adx® + a,x* + agx® + ggx8 +
a;x" = P(ay, a4, a,, as, a,, as, ag, ay)

 Taking this further, suppose we remove
the a’s above and just keep track of the
subscripts of the coefficients.
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Application

» The polynomial of degree 7 needs to be
evaluated at 8 distinct values.

» To do so, we choose the powers of a
primitive 8th roots of unity #1, #2, ..., #

 Details on Monday will show this
relationship to DFT.
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