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Overview

¥ Last class we discussed counting sort
and variations of parallel bubble sort.

¥ How could we utilize a divide-and-
conguer approach such as merge sort?




Merge sort

¥ Merge sort is an optimal O(n log n)
comparison-based sequential algorithm.

¥ The set of n numbers is divided in half,
and sorted recursively in this fashion.

¥ Merging requires O(n) time by scanning
the two lists from left to right.

Divide and conquer

¥ This paradigm is attractive for parallel
algorithm design because subproblems
can be assigned to separate groups of
processors and solved concurrently.

¥ This requires, however, an good
mechanism to combine the results at
the end of the computation.




Parallel merge sort

¥ Serially, the runtime of merge sort is:
B T(n, 1) = 2T(n/2) + O(n)

¥ Ignoring data partitioning and communication
for now, we could use p/2 processors to
concurrently solve each instance above.

¥ How will the sequential O(n) work required for
the final merge affect the parallel runtime,
though?

A simple recursive algorithm

¥ Divide the problem recursively until a single
processor is left

¥ Sort these n/p numbers using an optimal
serial algorithm
b O(n/p log n/p)

¥ Merge. Thus, the parallel runtime is:
D T(n,p) =n/plog n/p + O(n + ni2 +E + 2nlp)




Implications
¥ T(n,p) = O(n/p log n/p + n)
¥ This algorithm yields a speedup of at most log n

¥ Further, it yields linear speedup as long as we
use at most log n processors and using more
does not yield any additional speedup. Thus, we
are severely limited.

A potential fix

¥ If we could merge efficiently in parallel, then
the problem of poor scaling would be
eliminated.

¥ Let/; = Xp, Xy, E_ Xpo.q @nd Iy = Yo, Y1, E , Yojog
each be sorted lists

¥ We will develop improved merging strategies
based on merging these lists.




Reversal of a list

¥ Suppose we take /, and reverse it.

¥ Next, compare every element of /, to the
reversal of /, and record the maximum
and minimum number.

BE.g., max (Xg, Yp/-1) @nd min (Xo, ¥p.1)

¥ We will call the new entries /.. and /__,.
Example
I1 RGV(/Z) Imin Imax
2 25 2 25
6 24 6 24
7 21 7 21
9 18 9 18
11 16 11 16
14 10 10 14
16 5 5 16
23 3 3 23




Special properties
¥ These lists satisfy some nice properties.

¥ Specifically, /., starts as a non-decreasing
sequence and switches to non-increasing.
l,ax 1S @ Non-increasing and switches to non-

decreasing.

¥ In addition, every number in /

_ min 1S NO greater
than any number in /..

The next step

¥ Although our new lists are not sorted,
we know that /.. must come before /

min max-

¥ Therefore, if we sort these lists, no
additional merging would be required.

¥ We will use the same recursive
algorithm to sort /.. and /

min max-




Run time of sorting lists

¥ Lets assume that we can transform /, and /,
into /;, and /.., in O(n/p) time.
b This supposes we bring the two lists together

somehow on a single processor.

¥ If so,
b T(n,p) = 2T(n/2,p/2) + O(n/p)
= (p[n/p log nip] + n)
= O(n log n/p)

Conclusions

¥ Note that the previous runtime is worse than
the straightforward version, which is O(n/p log
nip + n)

¥ This is because we are sorting two lists of
size n/2, instead of one.
b Consider the last step of the algorithm

¥ We can take advantage of other properties of
these lists, however, for an efficient algorithm.




Another modification

¥ Lets suppose that instead of creating /,,, and /.., as
previously described, we add the reverse of /, onto
the end of /..

¥ Because we are comparing numbers in phase, we
need to look exactly n/2 away in the merged list to
find the previously defined /,,,, and /..

¥ Note the merged sequence is a non-decreasing list,
followed by a non-increasing portion.

Bitonic sequences

¥ A monotonic sequence is one such that it is
entirely non-increasing or non-decreasing.

¥ In contrast, a bitonic sequence is one that
either:
D x,, x,, E , X,_, is non-decreasing and x,, X,,;, E X,
, Is a non-increasing sequence.
D x,, X,, E , X,; is non-increasing and x,, X,,, E X,,_,
is a non-decreasing sequence.

b There is a cyclic shift of the sequence that
satisfies either of these properties.




Examples

value /\ value \/\

L L

Xop Xgs oen Xpg Xop Xy oen Xpg

Single maximum Single max and single min

Bitonic splits

¥ Given a bitonic sequence x,, X;, E , x,_,,
a bitonic split operation splits this into
two sequences:
Bmin(Xg, Xn/2), MiN (X1, Xo/241), B, Min (x,2.5,

Xn-1

Bmax(xp, X,), Max (X4, X/, E , max (X,,,.

1 Xn-1)




Key observation

¥ Note the list with /, concatenated on /, is
a bitonic sequence.

¥ Further, the bitonic split operation that
creates /. ;,, and /., also produces

bitonic sequences.

Bitonic sort

¥ Suppose the bitonic split operation always creates
two new bitonic sequences such that no element in
the mins is greater than the maxes.

¥ If so, we can sort a bitonic sequence by simply
performing repeated splits.

¥ Although this may not always hold recursively, a
cyclic shift exists such that this property is true,
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Illustration

Input = unsorted numbers

—
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Bitonic merge circuit for an 8-
element sequence

000
001

010
011
100
101

110
111

Smaller numbers go to the top line
Can be done in log (n) time
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Overview

¥ In general, a bitonic sequence can be
merged in log n time steps. This is
appropriately called a bitonic merge.

¥ As such, the parallel runtime of merging
is as follows:
BTyn) =T,(n2)+1! O(log n)

Run time

¥ Using the bitonic sorting algorithm, the
time to sort n elements is:
BTy (n) = T(n/2) + T, (n)
DTs(n) = sum{ito log n}(i)! O(log? n)

¥ Therefore, our overall speedup would
be: n/logn
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Sorting on a permutation
network

¥ Suppose wel map the bitonic sorting circuit to
the permutation network we are using in
class.

¥ Each horizontal line can be viewed as a
single processor.

¥ Vertical lines correspond to communications.

Hypercubic permutations

¥ As can be seen from the preceding
discussion, a hypercube is sufficient for
bitonic sorting.

¥ Sorting p-elements on a p-processor
hypercube will require:
D Computation time: O(log? p)
B Communication time: O((" + W) log? p)
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Bitonic merge circuit for an 8-
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element sequence
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+ leaves the smaller number up top
- leaves the smaller number on bottom
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