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ABSTRACT

As currentsilicon-basedechniguegastapproachheir practi-
cal limits, the investigation of nanoscaleslectronicsdevicesand
systemarchitecturebecomesa centralresearclpriority. It is ex-
pectedthat nanoarchitecturewill confrontdevicesandintercon-
nectionswith highinherentdefectrateswhichmotivateshesearch
for new architecturaparadigms.

In thispaperwe proposeaprobabilistic-basedesignmethod-
ology for designingnanoscalecomputerarchitecturesbasedon
Markov RandomFields (MRF). The MRF can expressarbitrary
logic circuits andlogic operationis achiezed by maximizingthe
probability of statecon gurationsin thelogic network. Maximiz-
ing stateprobabilityis equivalentto minimizing a form of enegy
that dependson neighboringnodesin the network. Oncewe de-
velopallibrary of elementaryogic componentswe canlink them
togetherto build desiredarchitecturesasedon the belief propa-
gation algorithm. Belief propagtionis a way of organizingthe
global computationof mamginal belief in termsof smallerlocal
computations.We will illustrate the proposeddesignmethodol-
ogy with someelementanjogic examples.

1. INTRODUCTION

As currentsilicon-basedechniquedastapproachtheir practical
limits, developing nanoscaleeslectronics,devices and systemar-
chitecturebecomesnoreimportant13]. Forinstancebecausef
fundamentalimitations at the nanoscaldevel, the pastapproach
of usingglobalinterconnectionsindassumingerrorfree comput-
ing maynolongerbepossibletherebypresentinghen designchal-
lengego computerengineersilt is likely thatnanoscaleomputing
will be dominatedby communicationwhereprocessings based
on redundantand adaptve pathways of errorproneconnections.
This framework will drive computerarchitecturein the direction
of locally-connectedself-olganizinghardwaremesheghatmeige
processingand memory[1]. In this sectionwe provide a brief
overview of variousnanodeicescurrentlybeingdeveloped their
fault characteristicsn the context of large networks of devices,
andsomeproposechanoarchitecturethattake into accounthese
characteristicén their design.

1.1. Nanodevices

A wide spectrumof nanoscalalevicesarebeingdevelopedbased
on atomicandmolecularphenomenaOne promisingstructureis
the carbonnanotubg CNT). Carbonnanotubesreexcellentcon-
ductorsandcan provide wires for device interconnection.At the
sametime, CNT structuredfor diodesand eld effect transistors
have beendemonstrated?0], [14]. CNTs canform a crosspoint
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Figurel: Theprincipleof switchingwith carbomanotubesTubes
arejoinedby anattractive electric eld. Molecularforcesmaintain
theconnectionwhenthe eld is removed. (After Lieber[11]).
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Figure 2: Switching basedon altering the electronicstateof a
molecule.(After Lieber[11]).

switchingstructureasshowvn in Figurel. In this device, anattrac-
tive electric eld betweenthe tubescauseghe tube on the right
to bendandcomein contactwith the tubeunderneathMolecular
forcesbetweerthe tubesmaintainthe contactfor anextendedpe-
riod of time, andthus provide a mechanisnfor memory[16]. A

majorissueis the physical placemenof CNTs at the nanoscale.
Onepromisingapproacthis to usethe self-omganizingpropertiesof

analuminasubstrateo fabricatearraysof CNTs. Regulararraysof

50 nanometediametertubeson 150nanometecentershave been
demonstratefl9]. Anothermajornanodeice approachs the di-

rectuseof moleculesandtheir electronicstates. This conceptis

shavn in Figure2. The device conductionpropertiesareachieved
by changesn the physical con guration or electronicstateof the
molecule.Diode characteristichave beendemonstrate2?] and
it is possibleto achieve stablememoryatroomtemperaturgl5].

Quantumdot cellularautomatg QCA) arebasedon thelocal
interactionof quantumdotsarrangedn cells that enforceconsis-
tentmutualstates.Logic operationsanbe achieved by encoding
thefunctioninto spatialpatternsof thecells. Informationcanalso
be propa@gtedthroughchainsof QCA devicesin a shift register
mechanismto provide interconnectiorbetweenlogic blocks. A



major dravbackto currentQCA devicesis thatthey requiretem-
peraturesvell belon 1 degreeKelvin for successfubperation.
Singleelectrondeviceshave alsobeenproposedanddemon-
strated.Thesedevicesoperateon the principle of coulombforces
whensmall, isolatedelectrodesare occupiedby an electron. The
presencef the electronpreventstunnelingof additionalelectrons
andthusformsthebasisfor memoryandswitching[12]. At present

thesedeviceshave to operateat sub-1degreeKelvin temperatures.

However, if electrodesizeson the orderof 1nmcanbe achieved,
thenoperatiorat roomtemperaturdecomedeasible.

Perhapshe mostpracticalneartermdevicesaresilicon nano-
wireswhich canbefabricatedo widthsontheorderof 10nm The
wiresexhibit semiconductopropertiesandsowiresin contactcan
form PN junctions. In addition, crossingnanavires can operate
asa FET device [9], makingit feasibleto fabricateclassicsilicon
circuits.

1.2. Anticipated characteristics

To date,the fabricationof nanocircuitshasbeenlimited to a few
devicesintendedto demonstratesimple logic or memoryopera-
tions. Thereare no actualdatato measurehe characteristicof
largenetworksof devices.Howeverit is possibleo posetwo lik ely
characteristicshatwill have to be confrontedin the development
of computationabrchitectureshatusethesedevices.

1. A highanddynamicfailureprocessit canbeexpectedhat
a signi cant fraction of the devicesandtheir interconnec-
tionswill fail. Thesefailureswill occurbothduringfabri-
cationandat a steadyrateafterfabrication thusprecluding
asingletestandrepairstrateyy.

2. Operationnearthe thermallimit: As device sizesshrink,
theenepy differencebetweerlogic stateswill approachhe
thermallimit. Thus, the very natureof computationwill
have to be probabilisticin nature re ecting the uncertainty
inherentin thermodynamics.

The rst characteristids a simpleextrapolationof currentdevice
fabricationexperience. The smallerthe device dimensionsbe-
come,the more phenomenaaninterferewith correctoperation.
It seemdik ely thatarchitecturesvill have to copewith device and
connectiorfailureratesof 10%or more. At thesametime, thena-
ture of connectionsanddeviceswill be basedn mechanismshat
caneasilymutateover time, suchaschemicalreactionsor fusing
andbridging of connections.

Thesecondconclusioncanbe arrivedatin severalways. Per
hapsthe mostdirectis to considerthe evolution of currentCMOS
technologytowardssmallerandsmallerdevice sizes,perhapaus-
ing silicon nanavire devices. Currentprocessochipshave about
100 million transistorsand dissipateover 100 Watts. It canbe
assumedhat this power level is alreadynearthe practicallimit
in termsof batterylife anddangerougxternaltemperaturesThe
naturalevolutionaryforcesthatdrive the numberof gatesperchip
andclock rateupwardwill decreasdogic transitionenegy limits
to within a few ordersof magnitudeof ki T . 1

Anotherapproacho thesameconclusioris thestudyof theul-
timatelimit onthe enegy requiredfor computation startingwith
the paradoxof Maxwell's demon[2] and ultimately clari ed by
the developmentof informationtheory It canbe shavn thatthe
enegy costof computationcannotbe reducedbelon (In 2)kp, T

1k, is Boltzmanns constant1:38 10 23J= K, andT is absolute
temperaturén K . At roomtemperaturek, T = 0:026 electron-wlts.

perbit. This basicresultis derivedfrom the necessaryncreasen
randomnesasinformationis lost during computation.For exam-
ple, theinput to an AND gate hasfour possiblestateswhile the
outputhasonly two. The evolution of device technologywill re-
lentlesslydrive towardsthis limit, requiringapproacheshat can
confrontrandomnes# logic state.

1.3. Architectural approaches

It will benecessario evolve new architecturatonceptsn orderto
copewith thehighlevel of device failureandrandomnessf logic
statesanticipatedby the reasoningust proposed.Currentarchi-
tecturalstudiesaimedat nanoscalesystemsarefocusedprimarily
onthe rst issuedevice failure.

Therearetwo basicapproache$eing proposedo dealwith
signi cant device failurerates:testingandroutingaroundfailures;
anddesigningwith redundantogic in theform of errorcorrection.
lllustrative of the rst approacharethearchitecture®f DeHon[5]
and Goldsteinand Budiu [7]. They proposedesigningin extra
circuit elementghatcanbe usedto supplementaileddevicesand
connectionsA majorissueis thetestabilityof thenetwork andthe
ability to confrontcontinuoudailuresoverthelife of thedevice.

Thesecondapproactwassuggesteth the pioneeringvork by
Von Neumann18] wherehe usedmajority logic gatesasa prim-
itive building block andrandomizingnetworksto preventclusters
of failuresfrom overwhelmingthe fault toleranceof the majority
logic. Thearchitecturgoroposedn [8] is basedon this approach.

Onearchitecturabpproacthhatcanprovide continuousadap-
tation to errorsis basedon neuralnetwork structures[6]. The
synaptioveightsof theneuralnetwork areimplementedisingmul-
tiple connectiorpathsandthe summatioris provided by corven-
tional CMOS differentialampli er nodes. The connectionsare
adaptvely con guredusingsingleelectronswitchingdevices.lt is
proposedhat usefulcomputationcould ariseby training the net-
work with a seriesof requiredinput-outputpairs.

The approachtakenin this paperhassomesimilarity to the
architecturgproposedn [6], but is basedon the Markov Random
Field (MRF). TheMRF providesaformal probabilisticframevork
so that computationcan be directly embeddedn a network with
immunityto bothdeviceandconnectiorfailures.Sincelogic states
arecomputedprobabilisticallythecomputations alsorobustto the
logic signal uctuationsthatwill ariseasoperatiomrapproachethe
thermallimit of computation.

This paperis organizedasfollows. In Section2 we provide
a brief overview of Markov RandomFieldsandthe Gibbsdistri-
bution. Section3 givesexamplesof how logic may be expressed
usingtheMRF modelandhow this providesfaulttoleranceo both
structuralandsignalbasederrors.Section4 concludeghe paper

2. OUR PROPOSEDAPPROACH

2.1. The Mark ov Random Network

The basisfor our architecturalapproachis the Markov random
network, a network embodimentbf the mathematicatonceptthe
Markov random eld (MRF) [10]. The Markov random eld de-
nes asetof randomvariables, = f 1; »:::; Q. Eachvari-
able ; cantake on variousvalues,e.g. statelabels. Associated
with eachvariable, i, is a neighborhoodN;, which is a setof
variablesfrom f ig. Simply put, the probability of a given
variabledepend®nly ona (typically small)neighborhooaf other



Figure 3: The neighborhoodf a network node. The transition
probabilitiescanbe expressedn termsof nodecliques.

variables.In ourmodel,thevariablesepresenstatef nodesn a
network. Thearcsor edgesn the network cornvey the conditional
probabilitieswith respecto theneighboringnodes.

Thede nition of theMRF is asfollows:

P()>0 8 2 (P ositiv ity ) (1)
P(ijf ig) = P( ijNi) (M arkovianity ) 2)

Theconditionalprobabilityof anodestatein termsof its neigh-
borhoodcan be formulatedin termsof cliques. A neighborhood
andtwo clique examplesareshawvn in Figure3. It canbe shavn,
dueto thethe Hammerslg-Clifford theorem3], that

P(ijf ig) = %e Rpr cze Vel ), (3)

This form for the probabilityin equation3 is calledthe Gibbs
distribution. The normalizingconstantZ is called the partition
functionandinsureghatP isin therang€0; 1]. ThesetCistheset
of cliquesfor agivennode,i. ThefunctionU. is calledtheclique
enepgy functionanddepend®nly onthenodesn theclique. Note
thatthe probability of statesdepend®n theratio of clique enegy
of the MRF to thethermalenegy k, T . For instancethe probabil-
ity areuniformat high valuesof k, T andbecomesharplypealed
atlow valuesof k, T. Thismimicstheannealingoehaior of phys-
ical systems.This Gibbsformulationof the Markov random eld
is an attractize representatiofior computation sincethe physical
interpretationof the probabilitiesin termsof entrogy of compu-
tationis likely to nd readyinterpretationin the physical device
characteristics.

2.2. Mark ov Random Field Computation

The previous discussiorhassuggeste@n approacto embedding
a Markov randomnetwork in CNT circuits. We now briey de-
scribe the natureof computationin the MRF framewvork. The
generalalgorithmfor nding individual site labelsthat maximize
the probability of the overall network is calledbelief propagation
(BP) [21] and provides an efcient meansof solving inference
problemsby propagting maginal probabilitiesthroughthe net-
work. Therearethreeessentiaprobabilityfunctions:
Jointprobability:
P(Xo;X1; i Xn 1)

Marginal probability:

X X X
iXn 1)) 6

p(xi) = P(Xo0; X1;

X0 X1 Xj Xn 1

Conditionalprobability:

P(Xo;X1; i Xn 1).

p(Xi)

We canclassifythe nodesin the network into thosethathave
de ned labelprobabilities,andthosewhosevaluesmustbe deter
mined by the propagtion algorithm. The rst nodetype would
correspondo a computationainput whosevalue is constrained
by the problemsetup. Suchnodesare called observablenodes.
Theothernodesarecalledhiddennodes.In alogic circuit, we can
think theinput/outputasobsenablenodesandtheothersashidden
nodes.

The basicideaof belief propagtionis thatthe probability of
statelabelsat a given nodein the network canbe determinedby
mauginalizing (summing)over the joint probabilitiesfor the node
stategivenjusttheprobabilitiesfor sitelabelsin theMarkov neigh-
borhood,N;. This maginalization establisheghe label proba-
bilities for the next propagtion step. It can be shavn that this
propagtion algorithmwill corverge to the maximumprobability
sitelabelassignmentor the entirenetwork, providedthereareno
loops[21].

This incrementaklgorithmhascomputationatompleity on
the order of the numberof nodesin the network, with a weight-
ing term proportionalto the size of the neighborhoodln the case
of loops,the maginalizationmustbe donecombinatoriallyover a
region of the network thatboundsthe loopsin orderto guarantee
maximumprobability solutions. Thatis, onewould partition the
network into a loop-freenetwork of blockswhich internally con-
tainloops.However it hasbeendemonstratethatthe belief prop-
agation algorithmusually corvergesto the maximumprobability
stateevenin the presencef loops[21]. We will give examplesof
thebelief propagtionprocessn alatersection.

p(Xo; X1,  ;Xi 1;Xi+1;  jXi) =

3. DESIGN EXAMPLES

So far, the type of computationto be performedby the network
hasnot beenspeci ed. The MRF is a completelygeneralcompu-
tationalframavork andin principleary typeof computatiorcould
be mappedonto the model. In orderto concretelyillustrate the
operationof the model,we will usecombinatorialogic asan ex-
ample. The programmingof the MRF is straightforvard in this
case,andwill permitsomeanalysisof the fault toleranceof the
architecture.

Combinatoriallogic canbe implementedusinga simple, yet
powerful, form for the clique enepy, calledthe auto-model For
cliquesupto orderthree the enegy functionis givenby:

Ue( ) = +

i k2C2 ik 0] k! (4)

i2co i it ijecy i it

Theconstants, i; j and j « arecalledinteractioncoefcients.
The constant actsan enegy offset. This form for U¢( ) has
beenusedin mary MRF applicationsncludingimagesegmenta-
tion, texture classi cationandobjectrecognition[4] [17].
Therearetwo aspectf fault tolerancethat mustbe consid-
ered. Our implementationdoesnot distinguishbetweendevices
and connections. Instead,we have structure-basednd signal-
basedaults. Nanoscalalevicescontaina large numberof defects
or structuralerrors,which uctuate on time scalescomparablgo
the computationcycle. The error will resultin variationin the
cligue enegy coefcients in the auto-modelin Equation4. The



Figure4: Thelogic compatibilityfunctionfor anexclusive-orgate
with all possiblestates.

signal-basedtlype of erroris directly accountedor in the probabil-
ity maximizationprocessnherentin the MRF processing.Next,
wewill illustratethebehaior of themodelfor eachtypeof errors.

3.1. Structure-basedErr ors

Theeffectof structure-basedrrors,or errorsonthecoefcients in

the clique eneny, is illustratedusingan XOR example. Thereare
threenodesin the network: the inputsxo; X1, andthe outputx,

of the gate. Successfubperationof the gateis designatedy the
compatibility function, f (xo; X1; X2) asshovn in Figure4. Here
we list all possiblestates(valid stateswith f = 1 andinvalid

statewith f = 0) becauseur approachadaptsto errorsandwe

malke no assumptioraboutthe occurrenceof errors. In orderto

relatethelogic compatibilityfunctionto a Gibbsenegy formiit is

necessaryo usetheaxiomsof theBooleanring. TheBooleanring

expressesherulesof symbolicBooleanlogic in termsof algebraic
manipulationsasfollows:

X% 1 @ X)
XN Xy ! X1X2 (multiplication)
Xl_X2 ! X1+ Xo+ X1 X5

The logic variablesaretreatedasreal valuedalgebraicquantities

and logic operationsare transformedinto arithmetic operations.

Additionally, it is desiredthatvalid input/outputstatesshouldhave

lower clique enegiesthaninvalid states.Thus,the clique enegy

expressions obtainedby a negative sumover mintermsfrom the
valid states,

X

U(Xo; X1;X2) = fi(Xo; X1;X2);

wheref; = 1, andthemintermsaretransformedisingtheBoolean
ring rewrite rules. Note that this form exploits the simpli cation
thatcross-productsf mintermsvanish.The Booleanring cornver-
sionfor theminterm(xo; X1; X2) = 000is,

x5~ x93~ X3 1 xo)@ x1)d X2)
= (1 Xo X1+ Xox1)(1 Xx2)
= 1 Xo X1 X2 + XoX1 + XoX2 +

X1X2 XoX1X2:

Fortheexclusive-orexample by summingoverthevalid states,
000= (1 xo)(1 x1)(1 x2);011= (1 Xo)X1X2;101=
Xo(1 X1)X2, and110 = Xox1(1 X2), we cancomputethe
cligueenepy asfollowing:

u = 1 (1 xo)(1 x1)Xx2 (1 xo)x1(1 x2)
xo(l x1)(T  X2) XoXiXz
= 1+ Xo+ X1+ X2 2XoX1 2XoX2 2X1X2 +
AXoX1X2: (5)

If wetakethestructuralerrorsinto consideratiorin ourdesignthe
cligueenepgy in Eqn.4 canberewritten as:

U = + AXg+ BX1+ CX2 + DXoX1 + (6)
EXoX2 + FX1X2 + GXoX1X2:

where is aconstantandthe nominalweightvaluesfor the coef-
cientsareA = B = C =D = E = F = G = 1, asderived
above for theerrorfreecase.

In the modi ed equationabore, the enegy coefcients have
beenreplacedy variablesto indicatethattheir valuescandeviate
from theideal settingdueto failures.ThevariablesA; B ; C stand
for the rst-order clique enegy coefcients, andD; E ; F aresec-
ondcoefcients. Thethird ordercoefcient, G, constraingheval-
uesof all thelower ordercoefcients aswill be shovn shortly, In
the nanoarchitecturéeing describedhere, the coefcient values
aredeterminedy a setof gateconnectionsso coefcient erroris
causeddy structure-basethilure. For successfubperationof the
logic, it is necessarthatthe enepgy of correctlogic statecon gu-
rationsalwaysbe lessthaninvalid statecon gurations.

valid state enepy relationto invalid states

000 < +C
< +B
< +A

< +A+B+C-2D-2E-2F+4G
011 +B+C-2F < +C
+B+C-2F < +B
+B+C-2F < +A

+B+C-2F < +A+B+C-2D-2E-2F+4G
101 +A+C-2E < +C
+A+C-2E < +B
+A+C-2E < +A

+A+C-2E < +A+B+C-2D-2E-2F+4G
110 +A+B-2D < +C
+A+B-2D < +B
+A+B-2D < +A

+A+B-2D < +A+B+C-2D-2E-2F+4G

Tablel: Theinequalitiesthatmusthold amongthe enegy coef-
cientsfor successfugjateoperation.

For ourexample the setof inequalitiesghatmusthold is given
in Tablel. Herewerelateavalid stateto all possiblenvalid states.
For example,for valid state(xo; X1; X2) = 000thecliqueenegy
in Eqn.6mustevaluateto alower enegy statethanall possiblen-
valid state. Theserelationsaregivenin the 16 inequalitieslisted
in Tablel. Theseinequalitiescanbe solved usinga proposedl-
gorithmssimilar to Gaussiareliminationwherea variablethatap-
pearswith oppositesignsin two equationcanbeeliminated.Ap-
plying this procedureo the inequalitiesin Table 1 the following
constrainton the clique coefcients areobtained:



Figure5: Theconstraintontheclique coefcients form aconein
the spaceof coefcient valuesfor 2D > B and2D > A. The
dottedline indicatesthenominalcoefcient values.

2D 2RC 2BA 2D>B
2GF 2B 2BE>C 2D>A
2G>E

The constraintsshould be viewed as being driven by coef-
cientG which cantake on ary positive value. A selectedraluefor
G > 0thendeterminedoundson coefcients, D ; E;F in terms
of (2G > D;2G > F;2G > E). They in turnboundA; B; C.
The boundsarelinear, and so the constraintform a polytopein
the spaceof enegy coefcients. This concepis illustratedin Fig-
ure5 whereaprojectionontotheD ; A; B subspacés depicted.In
generalthe polytopewill beaconewhosecross-sectioimcreases
linearlywith thehighestorderclique coefcient. Thenominalval-
uesfor thecoefcients of Figure5areAo = Do andBo = Do.

We assume x ederrorratein the connectiondeadsto a co-
efcient error proportionalto its value. For example, for some
errorrate , if coefcient D deviatesfrom its nominalvalue by

D°= Dy ,then = D . Theinequalityrelating2D > A
requireshat,

2Do(1 ) > Do(2 ) or

2.1 ) > @+ )

whentheworstcaseconditionis used.Thus, canbeaslargeas
1/3 without causinga failure of the inequality The constrainton
theD coefcient alsopermits < 1=3. Similar conditionsarise
from consideringheremainingconstraintsThusfor the XOR cir-
cuit, up to onethird of the connectioncanbe badandthe correct
logic statewill still beachieved.

Fromthis example,we obsene thatcomplex logic canbe de-
composednto simpledesignsby exploiting propertiesembedded
in acircuit. In generalthe highestorderclique coefcient canbe
increaseduntil the lowestordercoefcient hassufcient connec-
tion redundang to be guaranteedo attainthe averageerror rate.
This policy guardsagainst catastrophidailure, wherea few bad
connectionsffectalargepercentagef thecoefcient values.The
conicalstructureof the constraintsurfaceinsureshatthis stratgy
is alwayspossible.

3.2. Errorsin Signal
3.2.1. Stateprobability

Theuseof aprobabilisticapproachio logic hastheadwantagethat
theprocesss inherentlyfaulttolerantto errorsin thevalueof logic
statevariables. The behaior of a simpleinvertercircuit will be
usedto illustrate this aspectof the Markov randomnetwork ap-
proach.

The Gibbsdistribution for aninverteris givenby:

p(Xo;X1) = Zie R erox X0 x1),

herexp is the input andx; is the outputof aninverter 2xox1
Xo X1 isthecliqueenegy or auto-modebf aninverter Thepar
tition functionZ normalizeshe expressiorasrequiredfor aprob-
ability. Supposeaheinput, xo, takeson valuesfrom f 0; 1g. The
dependencentheinputx, canbemaiginalizedaway by summing
overits possiblevaluesi.e,
1 X
= e

xo=10;19g

ﬁ(Zxoxl X0 X1)

p(X1)

Rk (1k >'<I'1)
ekpT + @ Kp
= —_— (")

2(1+ eFoT)

In the maminalizationit is assumedhatthe input to the inverter
is equallylikely to beazeroor oneandthattheinverterhasexact
cligueenegy weights.Theseassumptionaresomevhatidealized,
sincein practicetheinverterwill have variableclique coefcients
andtheinputwill rangeoveracontinuoussetof valuesnearzeroor
oneaccordingo thedistribution of sighalnoiseanddevice error.

Themamginalizedinverteroutputdistribution functionis plot-
tedin Figure 6 for variousvaluesof ky,T. Both outputO and1
areequallylikely, but note that the mostlikely outputsare O or
1 with thelikelihoodof ary intermediateraluesbecomingvanish-
ingly smallask,T ! 0. Thisbehaior is characteristiof Markov
randomnetwork processingAs long asthe enegy balances fa-
vorableto the correctlogic state,decreasing, T will lock in the
valid con gurations.

Most applicationsof the MRF modeltreatk, T asa variable
that canbe manipulatedn solving for the maximumprobability
state. For the purposesof the following examples,k,T is ex-
pressedn normalizedunitsrelative to thelogic stateenegy. That
is, thermalenenpy is expressedsa fractionof unit logic stateen-
emgy. For example,thevaluek,T = 0:1 meanghatthe unit logic
enepy is ten timesthe thermalenepgy, so at room temperature,
the unit logic enegy in somephysical realizationof the Markov
network would be 0.26electron-wlts.

Figure6: Theprobabilityof aninverteroutputfor differentvalues
of ka.

In actualoperatiorof alogic circuit, theinput statesvould not
be equallylik ely but would have higherprobability of beingin a
given state,asrequiredby deterministicbehaior. For example,
supposeheinputto theinverterhasp(1l) = 0:7;p(0) = 0:3 then
the Gibbsdistribution of Figure6 is asshavn in Figure7. As the
computingentropy increasesthis probability maigin asymptoti-
cally approachegero. Basedon the Maxwell's demondiscussion



Figure7: Theprobabilityof aninverteroutputfor differentvalues
of kpy T whentheinputis one,with probability0.7.

in [2], theminimum enegy requiredfor bit-operationis ky T In 2.
Similarly, ananologic device will by necessityoperatewith logic
enegieswithin afew tensof ky T in orderto achieve theexpected
reductionin power affordedby thesmallscaleof nanodeices. For
nite temperaturesthe policy of choosingthe output statewith
the highestprobability alwaysyields the correctlogic operation.
However, it canbe expectedthaterrorswill resultif jp(x)  0:5]
is small,sinceary physicalrealizationof the Markov network will
have signi cant uctuation of thelogic levels.

3.2.2. Logic processing

In orderto considerthe error behaior of more comple circuits,
it is necessaryo describethe processingf logic signalsthrough
the Markov randomnetwork. This processs carriedout by the
chainingof conditionalprobabilitiesby belief propagation [21].
As explainedin Section2.2, the probability of logic variablescan
be determinedby summing(maiginalizing) over the setof possi-
ble valuesof clique neighborhoodtatesexceptfor thevariablein
question.Whatremainsis the probability for the singlevariable.
This probability canbe propagtedto thenext nodein the network
andusedfor the next summation.An exampleof this basicalgo-
rithm hasalreadybeengivenin the caseof Equation?.

The Gibbsjoint andconditionalprobability distributionsfor a
NAND gatearegivenby,

le For(2XaXpXe XaXp Xc)
Z

P(Xa; Xb; Xc)

p(XCan;Xb) = XaXp 1 xaXp €
(ekhT + e KpT )

wherexa; Xp aretheinputsandx. is the output. Assuminginde-
pendeninputs,p(xa) = p(Xp) = 0:5, we canobtainthe proba-
bility of aoneattheoutputby maginalizingover all inputcombi-
nations,

X 1

#(zxaxbxc XaXp Xc).

p(xe) = e

1
XaXp2f 0;1g (1 + efoT )

This probability distribution is shavn in Figure8. Note thatthe
NAND gateis asymmetricain its probabilitydistribution andfor a
uniformdistribution of inputs,the probability of a oneoutputstate
is threetimesthat of a zerostate. This shouldbe expected since
only oneinput combinationproduces zerooutput. However, this
asymmetryis detrimentato logic processingsshavnin Figure9.
Notethatit is necessaryo have p(xa) = p(Xp) > 0:7 in orderto
achieve ary logic magin. This mamin is reducedat higherinput

1
1 W(Zxaxbxc XaXp Xc).

Figure8: Themaginal distributionfor the outputof aNAND gate
for differentvaluesof ky T. Theinputsareassumedo have uni-
form stateprobabilities.

Figure9: Theprobability p(x: = 0), for azerooutputstatefor a
NAND gateasa functionof theinput stateprobabilities,p(xa) =

P(Xb).

probabilitiesasthe entropy increasesThis resultshavs thatlogic
structureshouldbeassymmetricalspossiblein orderto operate
closeto thethermallimit of ky T In 2.

3.2.3. Equivalentlogic

To furtherillustratetheapproachg¢onsidetheequivalentlogic cir-
cuitsshavn in Figure10. Thesecircuitshave identicallogic func-
tions but differ in con guration. The maginal distribution of the
outputstate p(xs) is shovnin Figurell. Circuitb) hasaperfectly
symmetricaloutputdistribution andthuscanbe expectedto have
signi cantly betterfailure tolerancethan circuit a), even though
they have the sameogic function.

Thisexampledemonstratethatthe Markov framevork canbe
usedto optimizecircuit con gurationsfor the bestsignalreliabil-
ity. However, it shouldbenotedthatthistreatmenassumegerfect
device operation.A completeanalysiswould includebothdevice
errorandsignalerrorby integratingthe device analysisfrom Sec-
tion 3.1. Efforts areundervay to carry out this integration.

4. CONCLUSION

In this paper we proposea probabilistic-basedesignmethodol-
ogy for nanoscaleomputerarchitecture The mainreasorfor se-



Figure 10: a) The logic functionxs = X2 * (Xo _ xJ). b) An
equivalentlogic circuit.

Figure 11: The maginal outputdistributions for the circuits in
Figure10. Notethatcircuit a) is highly asymmetricalvhile circuit
b) is perfectlysymmetrical.

lectingtheMarkov randomnetwork, belief propagtionalgorithm,
andGibbsenengy distributionasthebasisfor ournanoarchitectural
approachs thatits operatiordoesnotdependn perfectdevicesor
perfectconnectionsln operationthe Markov network is updated
by iteratively changingthe stateof nodesand propagting those
changeshroughthe network. Ultimately the network corverges
to astablesetof stateprobabilitiesre ecting therequiredresult.A
computationatesultis determinedy selectingthosevisible out-
put statesthat maximizethe probability of their respectie nodes.
Successfubperatioronly requireghattheenegy of correctstates
is lowerthantheenegy of errors.
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