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ABSTRACT
As currentsilicon-basedtechniquesfastapproachtheirpracti-

cal limits, the investigationof nanoscaleelectronics,devicesand
systemarchitecturesbecomesa centralresearchpriority. It is ex-
pectedthat nanoarchitectureswill confrontdevicesandintercon-
nectionswith highinherentdefectrates,whichmotivatesthesearch
for new architecturalparadigms.

In thispaper, weproposeaprobabilistic-baseddesignmethod-
ology for designingnanoscalecomputerarchitecturesbasedon
Markov RandomFields (MRF). The MRF can expressarbitrary
logic circuits and logic operationis achieved by maximizingthe
probabilityof statecon�gurationsin thelogic network. Maximiz-
ing stateprobability is equivalentto minimizing a form of energy
that dependson neighboringnodesin the network. Oncewe de-
velopa library of elementarylogic components,we canlink them
togetherto build desiredarchitecturesbasedon the belief propa-
gation algorithm. Belief propagation is a way of organizing the
global computationof marginal belief in termsof smaller local
computations.We will illustrate the proposeddesignmethodol-
ogywith someelementarylogic examples.

1. INTR ODUCTION

As currentsilicon-basedtechniquesfastapproachtheir practical
limits, developingnanoscaleelectronics,devices and systemar-
chitecturesbecomesmoreimportant[13]. For instance,becauseof
fundamentallimitations at the nanoscalelevel, the pastapproach
of usingglobal interconnectionsandassumingerror-freecomput-
ingmaynolongerbepossible,therebypresentingnew designchal-
lengesto computerengineers.It is likely thatnanoscalecomputing
will be dominatedby communication,whereprocessingis based
on redundantandadaptive pathwaysof error-proneconnections.
This framework will drive computerarchitecturein the direction
of locally-connected,self-organizinghardwaremeshesthatmerge
processingand memory[1]. In this sectionwe provide a brief
overview of variousnanodevicescurrentlybeingdeveloped,their
fault characteristicsin the context of large networks of devices,
andsomeproposednanoarchitecturesthat take into accountthese
characteristicsin theirdesign.

1.1. Nanodevices

A wide spectrumof nanoscaledevicesarebeingdevelopedbased
on atomicandmolecularphenomena.Onepromisingstructureis
thecarbonnanotube(CNT). Carbonnanotubesareexcellentcon-
ductorsandcanprovide wires for device interconnection.At the
sametime, CNT structuresfor diodesand�eld effect transistors
have beendemonstrated[20], [14]. CNTs canform a crosspoint
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Figure1: Theprincipleof switchingwith carbonnanotubes.Tubes
arejoinedby anattractiveelectric�eld. Molecularforcesmaintain
theconnectionwhenthe�eld is removed.(After Lieber[11]).

Figure 2: Switching basedon altering the electronicstateof a
molecule.(After Lieber[11]).

switchingstructureasshown in Figure1. In this device,anattrac-
tive electric �eld betweenthe tubescausesthe tubeon the right
to bendandcomein contactwith thetubeunderneath.Molecular
forcesbetweenthetubesmaintainthecontactfor anextendedpe-
riod of time, andthusprovide a mechanismfor memory[16]. A
major issueis thephysicalplacementof CNTs at thenanoscale.
Onepromisingapproachis to usetheself-organizingpropertiesof
analuminasubstrateto fabricatearraysof CNTs.Regulararraysof
50nanometerdiametertubeson 150nanometercentershave been
demonstrated[19]. Anothermajornanodevice approachis thedi-
rect useof moleculesandtheir electronicstates.This conceptis
shown in Figure2. Thedevice conductionpropertiesareachieved
by changesin thephysicalcon�gurationor electronicstateof the
molecule.Diodecharacteristicshave beendemonstrated[22] and
it is possibleto achieve stablememoryat roomtemperature[15].

Quantumdot cellularautomata(QCA) arebasedon the local
interactionof quantumdotsarrangedin cells thatenforceconsis-
tentmutualstates.Logic operationscanbeachievedby encoding
thefunctioninto spatialpatternsof thecells. Informationcanalso
be propagatedthroughchainsof QCA devices in a shift register
mechanismto provide interconnectionbetweenlogic blocks. A



majordrawbackto currentQCA devicesis that they requiretem-
peratureswell below 1 degreeKelvin for successfuloperation.

Singleelectrondeviceshave alsobeenproposedanddemon-
strated.Thesedevicesoperateon theprincipleof coulombforces
whensmall, isolatedelectrodesareoccupiedby anelectron.The
presenceof theelectronpreventstunnelingof additionalelectrons
andthusformsthebasisfor memoryandswitching[12]. At present
thesedeviceshaveto operateatsub-1degreeKelvin temperatures.
However, if electrodesizeson the orderof 1nmcanbeachieved,
thenoperationat roomtemperaturebecomesfeasible.

Perhapsthemostpracticalnear-termdevicesaresiliconnano-
wireswhichcanbefabricatedto widthsontheorderof 10nm. The
wiresexhibit semiconductorpropertiesandsowiresin contactcan
form PN junctions. In addition,crossingnanowires canoperate
asa FET device [9], makingit feasibleto fabricateclassicsilicon
circuits.

1.2. Anticipated characteristics

To date,the fabricationof nanocircuitshasbeenlimited to a few
devices intendedto demonstratesimple logic or memoryopera-
tions. Thereareno actualdatato measurethe characteristicsof
largenetworksof devices.Howeverit is possibletoposetwo likely
characteristicsthatwill have to beconfrontedin thedevelopment
of computationalarchitecturesthatusethesedevices.

1. A highanddynamicfailureprocess:It canbeexpectedthat
a signi�cant fraction of the devicesandtheir interconnec-
tionswill fail. Thesefailureswill occurbothduring fabri-
cationandatasteadyrateafterfabrication,thusprecluding
a singletestandrepairstrategy.

2. Operationnearthe thermallimit: As device sizesshrink,
theenergy differencebetweenlogic stateswill approachthe
thermallimit. Thus, the very natureof computationwill
have to beprobabilisticin nature,re�ecting theuncertainty
inherentin thermodynamics.

The �rst characteristicis a simpleextrapolationof currentdevice
fabricationexperience. The smaller the device dimensionsbe-
come,the morephenomenacaninterferewith correctoperation.
It seemslikely thatarchitectureswill haveto copewith deviceand
connectionfailureratesof 10%or more.At thesametime,thena-
tureof connectionsanddeviceswill bebasedon mechanismsthat
caneasilymutateover time, suchaschemicalreactionsor fusing
andbridgingof connections.

Thesecondconclusioncanbearrivedat in severalways.Per-
hapsthemostdirectis to considertheevolution of currentCMOS
technologytowardssmallerandsmallerdevice sizes,perhapsus-
ing silicon nanowire devices. Currentprocessorchipshave about
100 million transistorsand dissipateover 100 Watts. It can be
assumedthat this power level is alreadynearthe practical limit
in termsof batterylife anddangerousexternaltemperatures.The
naturalevolutionaryforcesthatdrive thenumberof gatesperchip
andclock rateupwardwill decreaselogic transitionenergy limits
to within a few ordersof magnitudeof kbT. 1

Anotherapproachto thesameconclusionis thestudyof theul-
timatelimit on theenergy requiredfor computation,startingwith
the paradoxof Maxwell's demon[2] andultimately clari�ed by
the developmentof informationtheory. It canbe shown that the
energy cost of computationcannotbe reducedbelow (ln 2)kbT

1kb is Boltzmann's constant,1:38 � 10� 23 J=� K , andT is absolute
temperaturein � K . At roomtemperature,kbT = 0:026 electron-volts.

perbit. This basicresultis derivedfrom thenecessaryincreasein
randomnessasinformationis lost duringcomputation.For exam-
ple, the input to an AND gatehasfour possiblestateswhile the
outputhasonly two. Theevolution of device technologywill re-
lentlesslydrive towardsthis limit, requiringapproachesthat can
confrontrandomnessin logic state.

1.3. Ar chitectural approaches

It will benecessaryto evolvenew architecturalconceptsin orderto
copewith thehigh level of device failureandrandomnessof logic
statesanticipatedby the reasoningjust proposed.Currentarchi-
tecturalstudiesaimedat nanoscalesystemsarefocusedprimarily
on the�rst issue,device failure.

Therearetwo basicapproachesbeingproposedto dealwith
signi�cant devicefailurerates:testingandroutingaroundfailures;
anddesigningwith redundantlogic in theform of errorcorrection.
Illustrativeof the�rst approacharethearchitecturesof DeHon[5]
and Goldsteinand Budiu [7]. They proposedesigningin extra
circuit elementsthatcanbeusedto supplementfaileddevicesand
connections.A majorissueis thetestabilityof thenetwork andthe
ability to confrontcontinuousfailuresover thelife of thedevice.

Thesecondapproachwassuggestedin thepioneeringwork by
Von Neumann[18] whereheusedmajority logic gatesasa prim-
itive building block andrandomizingnetworksto preventclusters
of failuresfrom overwhelmingthe fault toleranceof themajority
logic. Thearchitectureproposedin [8] is basedon thisapproach.

Onearchitecturalapproachthatcanprovide continuousadap-
tation to errors is basedon neuralnetwork structures[6]. The
synapticweightsof theneuralnetworkareimplementedusingmul-
tiple connectionpathsandthesummationis providedby conven-
tional CMOS differential ampli�er nodes. The connectionsare
adaptively con�guredusingsingleelectronswitchingdevices.It is
proposedthatusefulcomputationcouldariseby training the net-
work with a seriesof requiredinput-outputpairs.

The approachtaken in this paperhassomesimilarity to the
architectureproposedin [6], but is basedon theMarkov Random
Field(MRF).TheMRF providesaformalprobabilisticframework
so that computationcanbe directly embeddedin a network with
immunityto bothdeviceandconnectionfailures.Sincelogicstates
arecomputedprobabilisticallythecomputationis alsorobustto the
logic signal�uctuationsthatwill ariseasoperationapproachesthe
thermallimit of computation.

This paperis organizedasfollows. In Section2 we provide
a brief overview of Markov RandomFieldsandthe Gibbsdistri-
bution. Section3 givesexamplesof how logic maybeexpressed
usingtheMRF modelandhow thisprovidesfault toleranceto both
structuralandsignalbasederrors.Section4 concludesthepaper.

2. OUR PROPOSEDAPPROACH

2.1. The Mark ov RandomNetwork

The basisfor our architecturalapproachis the Markov random
network, a network embodimentof themathematicalconcept,the
Markov random�eld (MRF) [10]. TheMarkov random�eld de-
�nes a setof randomvariables,� = f � 1 ; � 2 : : : ; � k g. Eachvari-
able� i cantake on variousvalues,e.g. statelabels. Associated
with eachvariable,� i , is a neighborhood,N i , which is a setof
variablesfrom f � � � i g. Simply put, the probabilityof a given
variabledependsonly ona(typically small)neighborhoodof other



Figure 3: The neighborhoodof a network node. The transition
probabilitiescanbeexpressedin termsof nodecliques.

variables.In ourmodel,thevariablesrepresentstatesof nodesin a
network. Thearcsor edgesin thenetwork convey theconditional
probabilitieswith respectto theneighboringnodes.

Thede�nition of theMRF is asfollows:

P(� ) > 0; 8� 2 � (Positiv ity ) (1)

P(� i jf � � � i g) = P(� i jN i ) (M ar kovianity ) (2)

Theconditionalprobabilityof anodestatein termsof itsneigh-
borhoodcanbe formulatedin termsof cliques. A neighborhood
andtwo cliqueexamplesareshown in Figure3. It canbeshown,
dueto thetheHammersley-Clif ford theorem[3], that

P(� i jf � � � i g) =
1
Z

e
� 1

k b T � c 2C Uc ( � )
: (3)

This form for theprobabilityin equation3 is calledtheGibbs
distribution. The normalizingconstantZ is called the partition
functionandinsuresthatP is in therange[0; 1]. ThesetCis theset
of cliquesfor a givennode,i . ThefunctionUc is calledtheclique
energy functionanddependsonly on thenodesin theclique.Note
thattheprobabilityof statesdependson theratio of cliqueenergy
of theMRF to thethermalenergy kbT. For instance,theprobabil-
ity areuniformathighvaluesof kbT andbecomessharplypeaked
at low valuesof kbT. Thismimicstheannealingbehavior of phys-
ical systems.This Gibbsformulationof theMarkov random�eld
is anattractive representationfor computation,sincethephysical
interpretationof the probabilitiesin termsof entropy of compu-
tation is likely to �nd readyinterpretationin the physical device
characteristics.

2.2. Mark ov RandomField Computation

Thepreviousdiscussionhassuggestedanapproachto embedding
a Markov randomnetwork in CNT circuits. We now brie�y de-
scribe the natureof computationin the MRF framework. The
generalalgorithmfor �nding individual site labelsthatmaximize
theprobabilityof theoverall network is calledbeliefpropagation
(BP) [21] and provides an ef�cient meansof solving inference
problemsby propagating marginal probabilitiesthroughthe net-
work. Therearethreeessentialprobabilityfunctions:

Jointprobability:

p(x0 ; x1 ; � � � ; xn � 1)

Marginal probability:

p(x i ) =
X

x 0

X

x 1

� � �
X

x j

� � �
X

x n � 1

p(x0 ; x1 ; � � � ; xn � 1); j 6= i

Conditionalprobability:

p(x0 ; x1 ; � � � ; x i � 1 ; x i +1 ; � � � jx i ) =
p(x0 ; x1 ; � � � ; xn � 1)

p(x i )
:

We canclassifythenodesin thenetwork into thosethathave
de�ned labelprobabilities,andthosewhosevaluesmustbedeter-
minedby the propagation algorithm. The �rst nodetype would
correspondto a computationalinput whosevalue is constrained
by the problemsetup. Suchnodesare called observablenodes.
Theothernodesarecalledhiddennodes.In a logic circuit, wecan
think theinput/outputasobservablenodesandtheothersashidden
nodes.

Thebasicideaof belief propagation is that theprobabilityof
statelabelsat a given nodein the network canbe determinedby
marginalizing(summing)over the joint probabilitiesfor thenode
stategivenjusttheprobabilitiesfor sitelabelsin theMarkov neigh-
borhood,N i . This marginalizationestablishesthe label proba-
bilities for the next propagation step. It can be shown that this
propagationalgorithmwill converge to themaximumprobability
sitelabelassignmentfor theentirenetwork, providedthereareno
loops[21].

This incrementalalgorithmhascomputationalcomplexity on
the orderof the numberof nodesin the network, with a weight-
ing termproportionalto thesizeof theneighborhood.In thecase
of loops,themarginalizationmustbedonecombinatoriallyovera
region of thenetwork thatboundsthe loopsin orderto guarantee
maximumprobability solutions. That is, onewould partition the
network into a loop-freenetwork of blockswhich internallycon-
tain loops.However it hasbeendemonstratedthatthebeliefprop-
agation algorithmusuallyconvergesto the maximumprobability
stateevenin thepresenceof loops[21]. We will give examplesof
thebeliefpropagationprocessin a latersection.

3. DESIGN EXAMPLES

So far, the type of computationto be performedby the network
hasnot beenspeci�ed. TheMRF is a completelygeneralcompu-
tationalframework andin principleany typeof computationcould
be mappedonto the model. In order to concretelyillustrate the
operationof themodel,we will usecombinatoriallogic asanex-
ample. The programmingof the MRF is straightforward in this
case,andwill permit someanalysisof the fault toleranceof the
architecture.

Combinatoriallogic canbe implementedusinga simple,yet
powerful, form for the clique energy, calledthe auto-model. For
cliquesup to orderthree,theenergy functionis givenby:

Uc (� ) = � + � i 2C 0 � i � i + � i;j 2C 1 � ij � i � j +

� i;j ;k 2C 2 
 ij k � i � j � k : (4)

Theconstants,� i ; � ij and
 ij k arecalledinteractioncoef�cients.
The constant� actsan energy offset. This form for Uc(� ) has
beenusedin many MRF applicationsincluding imagesegmenta-
tion, textureclassi�cationandobjectrecognition[4] [17].

Therearetwo aspectsof fault tolerancethat mustbe consid-
ered. Our implementationdoesnot distinguishbetweendevices
and connections. Instead,we have structure-basedand signal-
basedfaults.Nanoscaledevicescontaina largenumberof defects
or structuralerrors,which �uctuate on time scalescomparableto
the computationcycle. The error will result in variation in the
clique energy coef�cients in the auto-modelin Equation4. The



Figure4: Thelogic compatibilityfunctionfor anexclusive-orgate
with all possiblestates.

signal-basedtypeof erroris directlyaccountedfor in theprobabil-
ity maximizationprocessinherentin the MRF processing.Next,
wewill illustratethebehavior of themodelfor eachtypeof errors.

3.1. Structure-basedErr ors

Theeffectof structure-basederrors,or errorsonthecoef�cients in
thecliqueenergy, is illustratedusinganXOR example.Thereare
threenodesin the network: the inputsx0 ; x1 , andthe outputx2

of thegate. Successfuloperationof thegateis designatedby the
compatibility function, f (x0 ; x1 ; x2) asshown in Figure4. Here
we list all possiblestates(valid stateswith f = 1 and invalid
statewith f = 0) becauseour approachadaptsto errorsandwe
make no assumptionaboutthe occurrenceof errors. In order to
relatethelogic compatibilityfunctionto a Gibbsenergy form it is
necessaryto usetheaxiomsof theBooleanring. TheBooleanring
expressestherulesof symbolicBooleanlogic in termsof algebraic
manipulationsasfollows:

X 0 ! (1 � X )

X 1 ^ X 2 ! X 1X 2 (multiplication)

X 1 _ X 2 ! X 1 + X 2 + X 1X 2 :

The logic variablesaretreatedasreal valuedalgebraicquantities
and logic operationsare transformedinto arithmeticoperations.
Additionally, it is desiredthatvalid input/outputstatesshouldhave
lower cliqueenergiesthaninvalid states.Thus,thecliqueenergy
expressionis obtainedby a negative sumover mintermsfrom the
valid states,

U(x0 ; x1 ; x2) = �
X

i

f i (x0 ; x1 ; x2);

wheref i = 1, andthemintermsaretransformedusingtheBoolean
ring rewrite rules. Note that this form exploits the simpli�cation
thatcross-productsof mintermsvanish.TheBooleanring conver-
sionfor theminterm(x0 ; x1 ; x2) = 000 is,

x0
0 ^ x0

1 ^ x0
2 = (1 � x0)(1 � x1)(1 � x2)

= (1 � x0 � x1 + x0x1)(1 � x2)

= 1 � x0 � x1 � x2 + x0x1 + x0x2 +

x1x2 � x0x1x2 :

For theexclusive-orexample,bysummingoverthevalidstates,
000 = (1 � x0)(1 � x1)(1 � x2); 011 = (1 � x0)x1x2 ; 101 =
x0(1 � x1)x2 , and110 = x0x1(1 � x2), we cancomputethe
cliqueenergy asfollowing:

U = � 1 � (1 � x0)(1 � x1)x2 � (1 � x0)x1(1 � x2) �

x0(1 � x1)(1 � x2) � x0x1x2

= � 1 + x0 + x1 + x2 � 2x0x1 � 2x0x2 � 2x1x2 +

4x0x1x2 : (5)

If wetakethestructuralerrorsinto considerationin ourdesign,the
cliqueenergy in Eqn.4 canberewrittenas:

U = � + Ax 0 + B x1 + Cx2 + D x0x1 + (6)

E x0x2 + F x1x2 + Gx0x1x2 :

where� is a constant,andthenominalweightvaluesfor thecoef-
�cients are:A = B = C = D = E = F = G = 1, asderived
above for theerrorfreecase.

In the modi�ed equationabove, the energy coef�cients have
beenreplacedby variablesto indicatethattheir valuescandeviate
from theidealsettingdueto failures.ThevariablesA; B ; C stand
for the�rst-order cliqueenergy coef�cients, andD ; E ; F aresec-
ondcoef�cients. Thethird ordercoef�cient, G, constrainstheval-
uesof all thelower ordercoef�cients aswill beshown shortly. In
the nanoarchitecturebeingdescribedhere,the coef�cient values
aredeterminedby a setof gateconnections,socoef�cient error is
causedby structure-basedfailure. For successfuloperationof the
logic, it is necessarythattheenergy of correctlogic statecon�gu-
rationsalwaysbelessthaninvalid statecon�gurations.

valid state energy relationto invalid states
000 � < � +C

� < � +B
� < � +A
� < � +A+B+C-2D-2E-2F+4G

011 � +B+C-2F < � +C
� +B+C-2F < � +B
� +B+C-2F < � +A
� +B+C-2F < � +A+B+C-2D-2E-2F+4G

101 � +A+C-2E < � +C
� +A+C-2E < � +B
� +A+C-2E < � +A
� +A+C-2E < � +A+B+C-2D-2E-2F+4G

110 � +A+B-2D < � +C
� +A+B-2D < � +B
� +A+B-2D < � +A
� +A+B-2D < � +A+B+C-2D-2E-2F+4G

Table1: Theinequalitiesthatmusthold amongtheenergy coef�-
cientsfor successfulgateoperation.

For ourexample,thesetof inequalitiesthatmusthold is given
in Table1. Herewerelateavalid stateto all possibleinvalid states.
For example,for valid state(x0 ; x1 ; x2) = 000 thecliqueenergy
in Eqn.6mustevaluateto a lowerenergy statethanall possiblein-
valid state.Theserelationsaregiven in the 16 inequalitieslisted
in Table1. Theseinequalitiescanbesolvedusinga proposedal-
gorithmsimilar to Gaussianeliminationwherea variablethatap-
pearswith oppositesignsin two equationscanbeeliminated.Ap-
plying this procedureto the inequalitiesin Table1 the following
constraintson thecliquecoef�cients areobtained:



Figure5: Theconstraintson thecliquecoef�cients form a conein
the spaceof coef�cient valuesfor 2D > B and2D > A. The
dottedline indicatesthenominalcoef�cient values.

2G> D 2F> C 2E> A 2D> B
2G> F 2F> B 2E> C 2D> A
2G> E

The constraintsshouldbe viewed asbeingdriven by coef�-
cientG whichcantakeonany positivevalue.A selectedvaluefor
G > 0 thendeterminesboundson coef�cients, D ; E ; F in terms
of (2G > D ; 2G > F; 2G > E ). They in turn boundA; B ; C.
The boundsare linear, andso the constraintsform a polytopein
thespaceof energy coef�cients. This conceptis illustratedin Fig-
ure5 whereaprojectionontotheD ; A; B subspaceis depicted.In
general,thepolytopewill beaconewhosecross-sectionincreases
linearlywith thehighestordercliquecoef�cient. Thenominalval-
uesfor thecoef�cients of Figure5 areA 0 = D 0 andB 0 = D 0 .

We assumea �x ederrorratein theconnectionsleadsto a co-
ef�cient error proportionalto its value. For example, for some
error rate � , if coef�cient D deviatesfrom its nominalvalueby
D 0 = D 0 � � , then� = �D 0 . The inequalityrelating2D > A
requiresthat,

2D 0(1 � � ) > D 0(1 � � ) or

2 � (1 � � ) > (1 + � );

whentheworstcaseconditionis used.Thus,� canbeaslargeas
1/3 without causinga failureof the inequality. Theconstrainton
theD coef�cient alsopermits� < 1=3. Similar conditionsarise
from consideringtheremainingconstraints.Thusfor theXOR cir-
cuit, up to onethird of theconnectionscanbebadandthecorrect
logic statewill still beachieved.

Fromthis example,we observe thatcomplex logic canbede-
composedinto simpledesignsby exploiting propertiesembedded
in a circuit. In general,thehighestordercliquecoef�cient canbe
increaseduntil the lowestordercoef�cient hassuf�cient connec-
tion redundancy to be guaranteedto attainthe averageerror rate.
This policy guardsagainstcatastrophicfailure, wherea few bad
connectionsaffecta largepercentageof thecoef�cient values.The
conicalstructureof theconstraintsurfaceinsuresthatthisstrategy
is alwayspossible.

3.2. Err ors in Signal

3.2.1. Stateprobability

Theuseof aprobabilisticapproachto logic hastheadvantagethat
theprocessis inherentlyfaulttolerantto errorsin thevalueof logic
statevariables. The behavior of a simple invertercircuit will be
usedto illustrate this aspectof the Markov randomnetwork ap-
proach.

TheGibbsdistribution for aninverteris givenby:

p(x0 ; x1) =
1
Z

e
� 1

k b T (2 x 0 x 1 � x 0 � x 1 )
;

herex0 is the input andx1 is theoutputof an inverter. 2x0x1 �
x0 � x1 is thecliqueenergy or auto-modelof aninverter. Thepar-
tition functionZ normalizestheexpressionasrequiredfor aprob-
ability. Supposethe input, x0 , takeson valuesfrom f 0; 1g. The
dependenceontheinputx0 canbemarginalizedawayby summing
over its possiblevalues,i.e,

p(x1) =
1
Z

X

x 0 = f 0;1g

e
� 1

k b T (2 x 0 x 1 � x 0 � x 1 )

=
e

x 1
k b T + e

(1 � x 1 )
k b T

2(1 + e
1

k b T )
: (7)

In the marginalizationit is assumedthat the input to the inverter
is equallylikely to bea zeroor oneandthattheinverterhasexact
cliqueenergy weights.Theseassumptionsaresomewhatidealized,
sincein practicetheinverterwill have variablecliquecoef�cients
andtheinputwill rangeoveracontinuoussetof valuesnearzeroor
oneaccordingto thedistributionof signalnoiseanddevice error.

Themarginalizedinverteroutputdistribution functionis plot-
ted in Figure6 for variousvaluesof kbT. Both output0 and1
areequally likely, but note that the most likely outputsare 0 or
1 with thelikelihoodof any intermediatevaluesbecomingvanish-
ingly smallaskbT ! 0. Thisbehavior is characteristicof Markov
randomnetwork processing.As long astheenergy balanceis fa-
vorableto thecorrectlogic state,decreasingkbT will lock in the
valid con�gurations.

Most applicationsof the MRF modeltreatkbT asa variable
that canbe manipulatedin solving for the maximumprobability
state. For the purposesof the following examples,kbT is ex-
pressedin normalizedunitsrelative to thelogic stateenergy. That
is, thermalenergy is expressedasa fractionof unit logic stateen-
ergy. For example,thevaluekbT = 0:1 meansthattheunit logic
energy is ten times the thermalenergy, so at room temperature,
the unit logic energy in somephysical realizationof the Markov
network wouldbe0.26electron-volts.

Figure6: Theprobabilityof aninverteroutputfor differentvalues
of kbT.

In actualoperationof a logic circuit, theinputstateswouldnot
beequallylikely but would have higherprobabilityof beingin a
given state,as requiredby deterministicbehavior. For example,
supposetheinput to theinverterhasp(1) = 0:7; p(0) = 0:3 then
theGibbsdistribution of Figure6 is asshown in Figure7. As the
computingentropy increases,this probability margin asymptoti-
cally approacheszero.Basedon theMaxwell's demondiscussion



Figure7: Theprobabilityof aninverteroutputfor differentvalues
of kbT whentheinput is one,with probability0.7.

in [2], theminimumenergy requiredfor bit-operationis kbT ln 2.
Similarly, a nanologic device will by necessityoperatewith logic
energieswithin a few tensof kbT in orderto achieve theexpected
reductionin poweraffordedby thesmallscaleof nanodevices.For
�nite temperatures,the policy of choosingthe output statewith
the highestprobability alwaysyields the correctlogic operation.
However, it canbeexpectedthaterrorswill resultif jp(x) � 0:5j
is small,sinceany physicalrealizationof theMarkov network will
havesigni�cant �uctuation of thelogic levels.

3.2.2. Logic processing

In orderto considerthe error behavior of morecomplex circuits,
it is necessaryto describetheprocessingof logic signalsthrough
the Markov randomnetwork. This processis carriedout by the
chainingof conditionalprobabilitiesby belief propagation [21].
As explainedin Section2.2, theprobabilityof logic variablescan
bedeterminedby summing(marginalizing)over thesetof possi-
ble valuesof cliqueneighborhoodstatesexceptfor thevariablein
question.What remainsis theprobability for thesinglevariable.
Thisprobabilitycanbepropagatedto thenext nodein thenetwork
andusedfor thenext summation.An exampleof this basicalgo-
rithm hasalreadybeengivenin thecaseof Equation7.

TheGibbsjoint andconditionalprobabilitydistributionsfor a
NAND gatearegivenby,

p(xa ; xb; xc) =
1
Z

e
� 1

k b T (2 x a x b x c � x a x b � x c )

p(xc jxa ; xb) =
1

(e
x a x b
k b T + e

1 � x a x b
k b T )

e
� 1

k b T (2 x a x b x c � x a x b � x c )
;

wherexa ; xb arethe inputsandxc is theoutput. Assuminginde-
pendentinputs,p(xa ) = p(xb) = 0:5, we canobtainthe proba-
bility of aoneat theoutputby marginalizingoverall inputcombi-
nations,

p(xc) =
X

x a ;x b 2f 0;1g

1

(1 + e
1

k b T )
e

� 1
k b T (2 x a x b x c � x a x b � x c )

:

This probability distribution is shown in Figure8. Note that the
NAND gateis asymmetricalin its probabilitydistributionandfor a
uniformdistributionof inputs,theprobabilityof aoneoutputstate
is threetimesthatof a zerostate.This shouldbeexpected,since
only oneinputcombinationproducesazerooutput.However, this
asymmetryis detrimentalto logic processingasshown in Figure9.
Notethat it is necessaryto have p(xa ) = p(xb) > 0:7 in orderto
achieve any logic margin. This margin is reducedat higherinput

Figure8: Themarginaldistributionfor theoutputof aNAND gate
for differentvaluesof kbT. The inputsareassumedto have uni-
form stateprobabilities.

Figure9: Theprobability, p(xc = 0), for a zerooutputstatefor a
NAND gateasa functionof theinput stateprobabilities,p(xa ) =
p(xb).

probabilitiesastheentropy increases.This resultshows thatlogic
structuresshouldbeassymmetricalaspossiblein orderto operate
closeto thethermallimit of kbT ln 2.

3.2.3. Equivalentlogic

To furtherillustratetheapproach,considertheequivalentlogic cir-
cuitsshown in Figure10. Thesecircuitshave identicallogic func-
tionsbut differ in con�guration. Themarginal distribution of the
outputstate,p(x6) is shown in Figure11. Circuit b) hasaperfectly
symmetricaloutputdistribution andthuscanbeexpectedto have
signi�cantly betterfailure tolerancethan circuit a), even though
they have thesamelogic function.

ThisexampledemonstratesthattheMarkov framework canbe
usedto optimizecircuit con�gurationsfor thebestsignalreliabil-
ity. However, it shouldbenotedthatthistreatmentassumedperfect
device operation.A completeanalysiswould includebothdevice
errorandsignalerrorby integratingthedevice analysisfrom Sec-
tion 3.1.Efforts areunderway to carryout this integration.

4. CONCLUSION

In this paper, we proposea probabilistic-baseddesignmethodol-
ogy for nanoscalecomputerarchitecture.Themainreasonfor se-



Figure10: a) The logic function x6 = x2 ^ (x0 _ x0
1). b) An

equivalentlogic circuit.

Figure 11: The marginal output distributions for the circuits in
Figure10. Notethatcircuit a) is highly asymmetricalwhile circuit
b) is perfectlysymmetrical.

lectingtheMarkov randomnetwork,beliefpropagationalgorithm,
andGibbsenergy distributionasthebasisfor ournanoarchitectural
approachis thatits operationdoesnotdependonperfectdevicesor
perfectconnections.In operation,theMarkov network is updated
by iteratively changingthe stateof nodesandpropagating those
changesthroughthe network. Ultimately the network converges
to astablesetof stateprobabilitiesre�ecting therequiredresult.A
computationalresultis determinedby selectingthosevisible out-
put statesthatmaximizetheprobabilityof their respective nodes.
Successfuloperationonly requiresthattheenergy of correctstates
is lower thantheenergy of errors.
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