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Lecture 9

Intro to Hidden Markov Models

Big questions from last time

• Evaluation
– How likely is a sequence given a model?
– More formally, given a model M and a sequence s,

find Pr(x | M).

• Decoding (or inference)
– Given a sequence and a model, try and figure out

which states were visited.
– More formally, given a model M and an

observation sequence s, find a state sequence t
such that Pr (s,t | M) is maximal.
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Observed sequence, hidden path and Viterbi path

From Durbin

The structure of
the Forward
algorithm is
essentially the
same as that of
the Viterbi
algorithm,
except that a
maximization
operation is
replaced by
summation.

Review of last lecture
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The occasionally dishonest casino: Posterior decoding

Backward algorithm to compute
posterior state probabilities
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Class today

• Although these three algorithms have
separate tasks, they also have use when we
would like to train a model.

• Training a model is where HMMs are most
powerful; they can be used to find genes,
recognize speech, and detect other patterns.

Parameter estimation
for HMMs

• We generally need to estimate transition and
emission probabilities aij and ek(b).

• We have in hand a set of training examples,
that correspond to output from the HMM.

• Two potential strategies:
– Estimation when state sequence is known
– Estimation when paths are unknown
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Learning

• If state path is known and there are no hidden
states, this is easy and involves:
– Counting how often each parameter is used
– Normalizing to get probabilities
– Then treating it just like Markov chain models

• Harder without knowing state paths
– Idea:  estimate counts by considering every path

weighted by its probability

Estimation when state
sequence is known

• Easier than estimation when paths unknown
• Maximum likelihood estimators are:

• Akl = number of transitions k to l in training data + rkl

• Ek(b) = number of emissions of b from k in training
data + rk(b)
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Potential problems

• Maximum likelihood estimators are prone to
overfitting
– For example, states never encountered

• For this reason, we introduce rkl and rk(b),
which reflect prior biases

• Can be interpreted as parameters of a
Bayesian Dirichlet prior.

Estimation when paths are unknown

• More complex than when paths are
known

• Because we can’t use maximum
likelihood estimators, we will use an
iterative algorithm
– Baum-Welch
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Baum-Welch Algorithm

• Aka the Forward-Backward algorithm

• Also an example of an expectation
maximization (EM) algorithm

• Idea: hidden state path is the best that
explains a training sequence

Overview

• We will estimate Akl and Ek(b) by considering
probable paths for training sequences using
current values of Akl and Ek(b)

• This will converge to a local maximum

• Unfortunately, there are many such local
maximum
– Dealing with these is outside the scope of the

course
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Overview

• More formally, Baum-Welch calculates
Akl and Ek(b) as the expected number
of times each transition or emission is
used.

• This will use the same Forward and
Backward probabilities as posterior
decoding.

Baum-Welch algorithm: formulae and computational
recipe
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Drawbacks

• ML estimators
– Vulnerable to overfitting if not enough data
– Estimations can be undefined if never used

in training set (so use of pseudocounts)
• Baum-Welch

– Many local maximums instead of global
maximum can be found, depending on
starting values of parameters

– This problem will be worse for large HMMs

Example from Durbin

1: 1/6
2: 1/6
3: 1/6
4: 1/6
5: 1/6
6: 1/6

1: 1/10
2: 1/10
3: 1/10
4: 1/10
5: 1/10
6: 1/2

1: 0.19
2: 0.19
3: 0.23
4: 0.08
5: 0.23
6: 0.06

1: 0.07
2: 0.10
3: 0.10
4: 0.17
5: 0.05
6: 0.52

Note transition probabilities are different from real ones
Partly a result of local minima, but its never possible to
Estimate parameters exactly



10



11

Other methods

• Durbin also discusses an alternative method
called Viterbi training based on the Viterbi
algorithm.

• Does not maximize the true likelihood as a
function of model parameters, but rather finds
the model from the most probable paths.

• For this reason it generally does worse than
Baum-Welch, but it is widely used.

Topology

• Some characteristics:  number of
nodes, alphabet, subset of edges

• We want to exploit domain knowledge
– Limits number of states / edges
– Still expressive enough to model

relationships

• Length distributions (Durbin 3.4)



12

Silent states

• States that do not emit symbols

• Also in other places in HMM

B ε

Example

NOTRE
NOTRE
NOTRI
NOTAM
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Example

NOTRE
NOTRE
NOTMEI
NOTME

EM4(R ) = 1  eM5(M) = 5
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Insertions

Deletions
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Deletions

Affine Gap Penalty

• Gotoh’s single affine gap penalty
scheme can be represented by pair
HMMs

• Pair HMMs simultaneously output two
sequences
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Example

• Suppose we have 2 sequences:
– TCTGGATTC
– TCTTTCG

• A pair HMM will have these states:
– MMMIIIMMDM

• And will emit:
– TCTGGATTC-
– TCT---TTCG

Model

Is

It

M
Gap extensionGap open


