Deterministic push-down automata

When we talk about deterministic push-down automata (DPDA), our definition will be different
from that of finite automata, but the idea remains the same: at any point of execution we shouldn’t
have more than one choice for the machine to proceed. This means that we might permit transitions
on ¢ as long as no other choices exist for the execution to proceed.

In case of PDAs, we now have two pieces of information that define how we are going to proceed:
an input character and a character on the top of the stack. We may choose to ignore one of them
or both when we transition from a particular state (i.e., use € for the input or stack character), but
then for the machine to be deterministic no other transitions from that particular state can use
something other than ¢ in other transitions. For example, if we have a transition from ¢; on a/e,
no other transitions from ¢; are allowed to use the stack.

Definition 1 A PDA M = (Q,X%,T,0,qo, F) is deterministic if there is no configuration for which
M has choice of more than one move. That is, it must satisfy the following conditions:

1. For any q € Q, a € X, and s € T, the set §(q,a,s) has at most one element.

2. Foranyq € Q and s €T, if 6(q,e,8) # 0, then §(q,a,s) =0 for every a € X and §(q,a,g) = )
for all a € 3.

3. For any q € Q and a € X,ifd(q,a,e) # 0, then 6(q,a,s) =0 for all s € T and 6(q,e,t) =0
forallt e T..

4. For any q € Q, if §(q,e,e) # 0, then §(q,a,t) =0 for all a € ¥c and t € Tz (except when
a=candt=c¢).

Example: The language of balanced strings' consisting of brackets {} and (), which can be
represented by the grammar S — SS | (S) | {S} | e. We construct a PDA that will store all left
brackets on the stack. When a right bracket is observed that matches the left bracket on the stack,
we pop it.
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The rules {,e — {, (e — (, and €,$ — ¢ introduce non-determinism because it is not clear if we
should read the stack or input. Furthermore, how should we proceed if the top of the stack contains
$ and the input is (? To solve this, we will always read stack in state g2. And to ensure that we
don’t have transitions on ({,$) and (&, $), we introduce a new state.

LA string is balanced if there is a mate of the same type for each bracket and any prefix of the string does not
contain more right brackets than left.



Some CFLs have corresponding deterministic PDA while others don’t. For example, we can build
a DPDA for Ly {zca™ | x € {a,b}*}, but not for Ly = {zz® | € {a,b}*}.



